Plasma HIV-1 RNA levels and CD4 + T cell counts in patients are associated with their progression rates to AIDS. After initiation of highly active antiretroviral therapy, these two variables display time-dependent dynamic changes with particular patterns well described by mathematical functions. In this article, we present a unifying statistical model for simultaneously characterizing specific quantitative trait loci in hosts that govern two different dynamic processes of HIV-1 loads and CD4 + T cell counts. The proposed model integrates clinically meaningful mathematical equations into a general framework for functional mapping of dynamic traits based on single nucleotide polymorphisms genotyped from candidate genes or the entire human genome. An EM-simplex hybrid algorithm was derived to estimate the frequencies of QTL alleles and marker-QTL linkage disequilibria with the EM closed form as well as dynamic genetic effects of QTL specified by curve parameters and the parameters modeling the covariance structure. The new model allows for the formulation of various hypothesis tests to explore how a QTL pleiotropically affects HIV-1 and CD4 + dynamics and what is the relative contribution of pleiotropic effects and close association to the correlations between these two processes. The usefulness of the proposed model is demonstrated by the statistical analysis of real data containing longitudinal HIV-1 and CD4 + dynamics, and its statistical properties are examined through simulation studies. Finally, the extensions of the model and their clinical implications are discussed.
Introduction
Plasma HIV-1 RNA levels are correlated with stage of disease. Significantly higher titers of plasma HIV-1 RNA are observed for patients with AIDS or symptomatic HIV infection than those with asymptomatic infection. Patients with higher virus loads may progress more rapidly to AIDS than patients with lower virus loads. In untreated patients with established HIV-1 infection, high plasma HIV-1 RNA levels are associated with the increased rate of CD4 + T count decline and with the increased rates of progression to AIDS and death (Mellors et al. 1997) .
There is a rapid decrease in plasma HIV-1 RNA and therefore a significant reduction in risk of disease progression after the initiation of highly active antiretroviral therapy (HAART) (Marschner et al. 1998 ). While HIV-1 RNA was long suggested to be a stronger predictor of response to antiretroviral therapy than the change in CD4
+ count, it is clear that both can be used as important prognostic markers of AIDS. HIV-1 infection causes the progressive loss of CD4 + cells, but the underlying mechanism for this loss is still controversial (Grossman et al. 2002) . A traditional view is that HIV-1 depletes its primary target, CD4 + T cells, by blocking new T-cell production. However, recent studies suggest that HIV-1 does not block such production but instead accelerates the division of existing T cells (Grossman et al. 2002) . In each of these two cases, the degree of the loss of CD4 + T cells due to HIV-1 inflection is critically contingent upon the genetic blueprint of hosts, as shown by considerable inter-individual variation in CD4 + T cell dynamics (Ho et al. 1995; Preslson et al. 1996) . Because CD4 + and HIV-1 dynamics are also related through infection-induced immune activation (Grossman et al. 2002) , they may share some common genetic basis. But because neither of the two processes is solely affected by the other (Feinberg et al. 2002) , it is reasonable to assume that they are not under the control of the same genetic system.
With the completion of the Human Genome Project, a systematic search for genes throughout the entire human genome that affect HIV-1 and CD4 + dynamics has been made possible. Single nucleotide polymorphisms (SNPs), which comprise approximately 80% of all known polymorphisms in the human genome, open up the possibility of studying the genetic basis of complex diseases by population approaches. SNPs are more frequent and mutationally stable and well-suited for automated high-throughput genotyping. A haplotype map (HapMap) based on SNPs has been constructed to elucidate the structure and organization of DNA sequences in the human genome (International HapMap Consortium 2003) , providing powerful fuel for association studies to map disease-causing mutations. Genetic association studies for gene discovery using a high-throughput of SNPs have been the focus of much attention in human genetics (Cordell and Clayton 2005; Hirschhorn and Daly 2005) . Several key statistical issues for the design of association studies and analysis and modelling of SNP and disease data have well been explored and discussed (Cardon and Bell 2001; Wu et al. 2002b; de Bakker et al. 2005) . However, all these discussions have focused on genetic association studies for complex traits measured at static or discrete time points.
More recently, Wang and Wu (2004) and Zhu et al. (2003) have proposed a statistical framework for detecting and mapping specific host genes (i.e., quantitative trait loci or QTLs) that affect dynamic changes of HIV viral loads in a human body. This framework was constructed by combining the principle of functional mapping (Ma et al. 2002; Wu et al. 2002a Wu et al. , 2004a and mathematical models for HIV dynamics (Ho et al. 1995; Perelson et al. 1996) . Different from linkage-based functional mapping for a controlled cross, functional mapping in natural human populations is founded on linkage disequilibrium (LD) that defines the degree of marker-QTL co-segregation or nonrandom association at the population level. Ma et al. (2008) used LD-based functional mapping to determine a major gene for HIV-1 load trajectories in a small group of patients after they were administered with HAART. Wang et al. (2005) proposed a genetic model that incorporates the interaction between different QTLs derived from viral and host genomes. Very recently, have generalized functional mapping for HIV dynamics by considering a genome-wide scan for host QTLs based on multilocus linkage disequilibrium mapping. Theoretical analyses suggest that these newly developed models can be effectively used to fine map QTLs controlling HIV-1 dynamics and test the genetic effects of the QTLs detected on clinically important variables.
The motivation of this study is to extend the idea of Wang and Wu's (2004) model for association studies of QTLs that jointly or separately govern CD4
+ T cell and HIV-1 dynamics. Wu and Ding (1999) proposed a biexponential model to characterize two-phase decay of HIV-1 viral loads after initiation of HAART. Although there are no mechanistic derivations for fitting time-dependent changes of CD4 + T cells, it appears that limited data empirically support modeling by linear, quadratic or cubic polynomials (Ho et al. 1995; Wu 2002) . The combined use of CD4 + T cell counts and HIV-1 viral loads to better predict AIDS pathogenesis is not new in AIDS studies. In Wu's (2002) joint mixed-effects model, HIV-1 dynamics was used as the response and CD4 + T cell count as a covariate. Zucker et al. (1995) and Sy et al. (1997) treated both viral load and CD4 + T cell count as a bivariate response, although the use of nonlinear dynamic models is quite difficult for a general multivariate analysis. By incorporating CD4
+ T cell and HIV-1 dynamic models into functional mapping, the joint model provides a number of testable hypotheses regarding the patterns of genetic control triggered by different QTLs.
Joint Functional Mapping

Multilocus Genetics of Populations
The human genome is organized into a series of discrete haplotype blocks (Daly et al. 2001; Patil et al. 2001; Dawson et al. 2002; Gabriel et al. 2002) , in each of which a limited number of representative SNPs or htSNPs can explain most of the haplotype diversity. Adjacent blocks are separated by sites that show evidence of historical recombination (hotspot). While SNPs within the same block display strong linkage disequilibria due to little (coldspot) inter-site recombination, SNPs between different blocks are not strongly associated with each other. Thus, if SNPs in a block are detected to display strong association with a QTL, it is likely that this QTL is located within the same block in light of the haplotype blocking theory. Consider a particular haplotype block in which there are K htSNPs. We use p (k) r k to denote the population frequency of allele r k (r k = 1 for one allele and 0 for the alternative) at SNP k (k = 1, ..., K). Among these htSNPs, linkage disequilibria at different levels (digenic, trigenic, quadragenic and so on) could occur. Suppose this block of interest harbors a QTL with two alleles 1 and 0, denoted as s. Let q s denote the allele frequency of the QTL. This QTL displays non-random associations with all htSNPs in the block. We use p r 1 ...r K s to symbolize the haplotype frequency constructed by the htSNPs and QTL, expressed as Wang and Wu (2004) to map the QTL for HIV-1 dynamics.
Genetic Design
Suppose there is a set of random patients sampled from a natural population at Hardy-Weinberg equilibrium. Each patient is typed for K htSNPs within this particular block. The phenotypic data for HIV-1 loads and CD4
+ cell counts are measured at T 1i and T 2i discrete time points, respectively. Let y i be the joint observation vector for serial measures of HIV-1 loads and CD4 + cell counts for subject i, expressed as
Consider a particular number of QTLs involved in the genetic control of HIV-1 load and CD4
+ cell count dynamics. Assume that this is an optimal number of QTLs (forming L genotypes) explaining the genetic variation of the two traits according to model selection criteria. Because these QTLs are unobservable, SNP markers will be used to infer their genotypes based on the pattern of marker-QTL linkage disequilibria.
Likelihood
Functional mapping of QTLs behind a dynamic trait is based on the mixture model in which each longitudinal observation is assumed to have arisen from one of a known or unknown number of components. Each component of the mixture model is modeled by a density from the parametric family. Based on such a mixture model, the likelihood of the data is constructed as
where ω = (ω 1|i , ..., ω L|i ) contains mixture proportions expressed as the conditional probabilities of QTL genotypes given the marker genotype of subject i (see Lou et al. 2003; Wang et al. 2004) , and f(y i ; u li ,Σ i ) is a multivariate 
and covariance matrix
The derivation of functional association studies needs three necessary steps as follows:
(1) Model the mixture proportions in terms of QTL genotype frequencies, (2) Model the mean vector for each QTL genotype using parametric or nonparametric approaches, (3) Model the covariance matrix based on a structured form.
In the first step, genetic knowledge about the haplotype structure of a sampled population is required. Both steps 2 and 3 requires statistical modelling and analysis of longitudinal traits. In the step 2, biologically motovated mathematical functions that define the dynamic curves for the traits can be incorporated. We will use the results from Wang and Wu (2004) about the mixture proportions of the first step and focus on the derivations of the second and third steps.
Modeling the Mean-Covariance Structures
Parametric approaches will be used to model the QTL genotype-specific mean vectors and covariance matrix. Model selection procedures are used to provide the best fit of parametric models to the observational data.
Modeling the Mean Vector
A number of mathematical models, including stochastic and deterministic, have been derived to describe the immune systems, its interaction with HIV-1 and the decline in CD4 + T cells (Perelson and Nelson 1999; Wu and Ding 1999) . Stochastic models were proposed to account for early events in the disease, whereas deterministic models typically consider the dynamics of CD4 + T cell and viral populations following drug therapy. Based on the kinetic theory of HIV-1 replication, Wu and Ding (1999) derived a biexponential model to approximate multiphase exponential decay characterized by the amount of HIV-1 virions after initiation of HAART. This model is expressed as
where V (t) is the total amount of virions at time t, P 1 and P 2 are baseline values, and λ 1 and λ 1 are the two-phase viral decay rates of productively infected cells and long-lived and/or latently infected cells, respectively.
The clinical basis of a biexponential model (1) was explained by Grossman et al. (2002) who analyzed the kinetics of plasma HIV-1 RNA in patients receiving combined treatments of up to five drugs. The initial rates of decline (described by λ 1 ) increased substantially with the efficacy of treatment. Decline rates decreased with time (described by λ 2 ), approaching zero at a certain time after treatment. By estimating decay rates λ 1 and λ 2 , some clinically important variables, such as the half-lives of productively infected cells (log 2/λ 1 ) and long-lived and/or latently infected cells (log 2/λ 2 ), the proportion (P 2 /(P 1 + P 2 )) of virus produced by long-lived and/or latently infected cells in the total virus pool and the eradication times for the two cell compartments (log P 1 /λ 1 and log P 2 /λ 2 ).
The dynamic changes of CD4 + T cells are modeled by different approaches including linear mixed-effects model and stochastic integrated OrnsteinUhlenbeck process (DeGruttola and Tu 1994; Taylor and Law 1998) . Based on experimental observations by Ho et al. (1995) , CD4
+ T cell dynamics can be fit by a linear model (Perelson et al. 1999) . Adopting the results from an HIV/AIDS trial, ACTG Protocol 315, by Wu (2002) , we use a lower-order polynomial model (quadratic) to approximate the CD4 + T cell process, which is written as
where C(t) is the count of CD4 + T cells at time t, b 0 is the baseline value, and b 1 and b 2 are the first-and second-order slopes of quadratic function, respectively.
For a particular QTL genotype l, time-dependent dynamic patterns of HIV-1 and CD4 + traits can be described by a set of parameters (P l1 , P l2 ,λ l1 ,λ l2 ) and (b l0 , b l1 , b l2 ), respectively. If different genotypes have different combinations of these parameters, this implies that QTLs play a role in governing the difference of these two dynamic traits. All the parameters that model the mean vectors are arrayed in
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Modeling the Covariance Structure
The within-subject covariance matrix, Σ i , follow a certain autocorrelation pattern, which can be modeled by a statistical process. We will use the simplest model, AR(1), to fit the this pattern. Thus, we have
for the variance of dynamic trait j,
for the covariance between any two time points τ j1i and τ j2i for longitudinal trait j, where 0 < ρ j < 1 is the proportion parameter with which the correlation decays with time lag, and
for the covariance between any two time points τ 1i for HIV dynamics and t 2 for CD4+ dynamics, where 0 < < 1 is the proportion parameter with which the correlation decays with time lag. All the parameters that model the covariance structure with the AR(1) model are arrayed in
EM Algorithm
The standard EM algorithm is implemented to estimate population genetic parameters Ω p = {p r 1 ...r K s } 1 r 1 ,...,r K ,s=0 . A series of closed form are derived to estimate haplotype frequencies (Lou et al. 2003; Wang and Wu 2004) , from which allele frequencies of the markers and QTLs and linkage disequilibria of different orders can be estimated by solving the equation (1). It is not possible to derive the closed forms for the estimation of quantitative genetic parameters Ω q = (Θ u ,Θ v ) (including the parameters characterizing the curves of QTL effects and the covariance structure). We integrate the simplex algorithm into the E step of the EM algorithm to estimate these parameters (Nelder and Mead 1965 ).
Incorporating the Genetic Mechanisms of Dynamic Correlation
By treating HIV-1 and CD4 + T cell dynamics as dependent variables, functional mapping can test the commonality of the genetic basis for these two traits. Our analysis is based on three designs: (1) HIV-1 and CD4
+ T cell dynamics are affected pleiotropically by a single QTL from the same haplotype block, (2) these two processes are affected by a different but co-segregated QTLs from the same block, and (3) the two processes are affected pleiotropically by two different QTLs each from a different block.
Design 1
If HIV-1 and CD4
+ T cell dynamics are affected by the same QTL, the mean vector for subject i carrying genotype l is expressed as
The first part of equation (7) for HIV-1 dynamics is fit by (P l1 , P l2 ,λ l1 ,λ l2 ) with equation (5), whereas the second part for CD4 + T cell dynamics fit by (b l0 , b l1 , b l2 ) with equations (6).
Design 2
It is possible that HIV-1 and CD4 + T cell dynamics are controlled by different QTLs in hosts. Design 2 states that these two processes are correlated due to the association between the co-segregated underlying QTLs. A QTL may alternatively affect one of the two processes, or both QTLs affect each process. The latter case is more general, which will be considered in this study.
Suppose there are two QTLs, A with alleles s 1 (s 1 = 1, 0) and B with alleles s 2 (s 2 = 1, 0). These two QTLs are associated with the coefficient of linkage disequilibrium D, both inferred from the same set of SNP markers. Three genotypes at the first QTL, denoted by l 1 , are combined with three genotypes at the second QTL, denoted by l 2 , to generate nine QTL genotype combinations. Lou et al. (2003) derived the conditional probabilities of two-QTL genotypes given the marker genotype of two SNPs from the same block.
In this design, the mean vector of the two dynamic processes for two-QTL genotype l 1 l 2 for subject i is expressed as 
Design 3
The dynamic changes of HIV-1 loads and CD4 + cell counts are both controlled by two QTLs from different haplotype blocks h 1 and h 2 . QTLs from different blocks can be considered to be independent. Thus, the "haplotype" frequency for the two blocks can be expressed as the product of QTL-marker haplotype frequencies from each block.
Hypothesis Tests
A number of genetically, biologically and clinically important hypothesis tests can be formulated through functional mapping, in a hope to understand the genetic architecture of HIV-1 and CD4
+ T cell dynamics. These tests can be made on the overall influence of QTLs on the entire process (global test), the influence of the QTLs on a particular time interval (regional test) or time point (local test), QTL × time interaction effect and the genetic control of clinically interesting variables, such as viral decay rates, viral load change (VLC) from baseline to a pre-specified time, the area under the curve (AUC) of viral load trajectory, the proportion of virus produced by long-lived and/or latently infected cells in the total virus pool and the eradiation times for the two compartments above. We will focus on hypothesis tests based on the global test separately for Designs 1-3.
Design 1
The presence of a QTL responsible for HIV pathogenesis measured by HIV-1 or CD4
+ T cell dynamics can be tested using
H 1 : At least one of these equalities above does not hold.
The H 0 states that no QTL affects HIV-1 or CD4 + cell dynamics (the reduced model), whereas the H 1 proposes that there is a QTL affecting at least one of these two processes (the full model). The test statistic for testing the hypotheses (9) is calculated as the log-likelihood ratio of the reduced to the full model:
where Ω and Ω denote the MLEs of the unknown parameters under the H 0 and H 1 , respectively. Under the null hypothesis that there is no QTL, the 9 association between the QTL and SNPs is not identifiable. For this reason, an empirical approach for determining the critical threshold based on permutation tests (Churchill and Doerge 1994) is used. After a significant QTL is detected, we can proceed to test whether the QTL has pleiotropic effects on both dynamic processes. The test of pleiotropic effects can be formulated as
H 1 : At least one of these equalities above does not hold,
and
The pleiotropic effects of QTLs are said to be significant only if both the null hypotheses in (11) and (12) are rejected. The likelihoods under the alternative hypotheses of (11) and (12) are calculated as for the alternative hypothesis in (9).
Design 2
The presence and pleiotropic effects of QTLs on HIV-1 and CD4
+ dynamics for Design 2 can be tested using the procedures described above for Design 1. The only difference is to substitute l (l = 1, 2, 3) for one QTL by l 1 and l 2 (l 1 , l 2 = 1, 2, 3) for two QTLs. For Design 2, significant pleiotropic effects of the two QTLs detected by rejecting the null hypotheses of (11) and (12) may be due to either one QTL having pleiotropic effects or two associated QTLs each having a predominant effect on one process.
Pleiotropy and linkage disequilibrium are two different mechanisms for the genetic correlation between two traits (Lynch and Walsh 1998) . Thus, testing pleiotropic effects against close disequilibrium is fundamentally important in genetic research. This test can be performed by formulating two hypotheses with different numbers of components:
The likelihood functions under the null and alternative hypothesis are written, respectively, as
with the L 1 (Ω|y, M) being nested within the L 2 (Ω|y, M). Lo et al. (2001) demonstrate that, under a theorem proposed by Vuong (1989) , the LR test statistic of the null against alternative hypothesis based on the KullbackLeibler information criterion is asymptotically distributed as a weighted sum of independent chi-squared random variables with one degree of freedom, under general regularity conditions. The acceptance of the null hypothesis means that the pleiotropic effect is only a genetic mechanism for trait correlation. However, if the null hypothesis is rejected, we need to test whether the two QTLs detected display a significant linkage disequilibrium. If disequilibrium D is significant, this means that both the pleiotropy and linkage disequilibrium are important to trait correlation. If the two QTLs are detected to control a dynamic process, we need to test whether epistatic interactions between these two QTLs play an important role in shaping the process (Wu et al. 2004a) . Assuming that two QTLs control HIV-1 dynamics, the test for epistasis at a given time point t * is formulated as
for the additive × additive effect,
for the additive × dominant effect,
for the dominant × additive effect, and
for the dominant × dominant effect. Similar tests of epistasis on CD4 + T cell dynamics can also be formulated.
Design 3
The hypothesis tests in this design can be performed as in Design 2, regarding the existence and pleiotropy of QTLs, as well as various epistatic effects between two different QTLs, as shown hypotheses (14)- (17).
Monte Carlo Simulations
Genetic Design
We consider a natural population at Hardy-Weinberg equilibrium composed of patients with HIV-1. We simulated a haplotype block containing an arbitrary number of SNPs, two of which are htSNP that account for a majority (> 80%) of the haplotype diversity. Assume that this haplotype block contains a QTL controlling HIV-1 and CD4
+ T cell dynamics. Both HIV-1 viral loads and CD4
+ T cell counts are measured for patients to visit clinics based on a particular scheme. Here we use a commonly used clinical scheme, as described in Wu (2002) , i.e., 9 clinic visits at days 0, 2, 7, 10, 14, 21 and 28 and weeks 8 and 12 after initiation of treatment. The assumed sample size is 200 patients.
Bivariate vs. Univariate Functional Mapping
Two htSNPs are assumed to have an association with a QTL in a haplotype block. The allele frequencies for the htSNPs and QTL and their linkage disequilibria are given in Table 1 . A QTL genotype corresponds to a different curve for CD4 + T cell or HIV dynamics. The curve parameters of each genotype for these two processes are hypothesized on the basis of empirical estimates in HIV/AIDS trials (Wu and Ding 1999; Wu 2002) , from which genotypic curves are drawn (Fig. 1) . Bivariate phenotypic values are simulated through the summation of genotypic curves (u li ) and multivariate-normally distributed errors with mean vector zero and covariance matrix specified by the AR(1). Stationary variances at different time points are scaled for two different levels of heritability (H 2 , the relative proportion of genotypic variance over the total phenotypic variance), 0.1 and 0.4. The simulation is repeated 100 times to evaluate the accuracy and precision of the parameter estimation.
The results from simulation analyses suggest that the QTL responsible for both viral and CD4 + T cell dynamics can be detected using the htSNPs in association with the QTL. The parameters of each QTL genotype for the biexponential curves for HIV-1 dynamics (Fig. 1A and 1B) and the quadratic polynomial for CD4 + T cell dynamics ( Fig. 1C and 1D ) can be estimated The averages of HIV-1 and CD4 + T cell dynamic curves (dashed) estimated from 100 the simulated replicates under design 1 (days 0, 2, 7, 10, 14, 21, 28, 56, 84) , in a comparison with true curves (solid), for each of the three QTL genotypes, AA, Aa and aa. The consistency between the estimated and true curves suggests that our model can provide the precise estimation of the genetic control over viral load and CD4 + T cell trajectories in human patients. The upper panel: genotypic curves for HIV-1 dynamics under the heritability of 0.1 (A) and 0.4 (B). The lower panel: genotypic curves for CD4 + cell dynamics under the heritability of 0.1 (C) and 0.4 (D). accurately (Table 1) , with the estimated curves being broadly consistent with the hypothesized curves. The accuracy of the estimates of curve parameters, residual variances and residual correlations is better under higher (Fig. 1B  and 1D ) than lower heritability (Fig. 1A and 1C) . The estimates of these parameters also display reasonable precision, as assessed by the standard errors over 100 repeated simulations. It seems that the two decay rate parameters for HIV-1 dynamics display better estimation precision than the two baseline parameters ( Table 1) . As expected, the estimation precision of all parameters increases remarkably when the heritability increases from 0.1 to 0.4. The population genetic parameters of the QTL can be estimated with reasonably high precision using our closed-form solution approach. We compare the estimation of QTL allele frequencies and marker-QTL linkage disequilibrium under different heritability levels. These parameters can be better estimated with increased heritability (Table 1) . As expected, the estimates of SNP allele frequencies are not affected by the heritability level because they do not contribute to genetic variation.
When a common QTL affects both dynamic processes, an issue naturally arises about whether bivariate functional mapping is advantageous over univariate functional mapping. We performed simulations to make this comparison, with the results summarized as follows. (1) The accuracy and precision of curve parameters, residual variances and residual correlations is increased when both HIV-1 and CD4 + T cell dynamics are mapped simultaneously. (2) This advantage is greater when the dynamic processes are under lower than stronger genetic control. (3) The power to detect significant QTL is tremendously increased for bivariate functional mapping. Some QTL with small effects may be undetected by separate mapping for single traits, but can be detected by joint mapping making use of the mechanistic association between different traits.
Pleiotropy vs. Disequilibrium
Two different QTLs (A and B) are associated with each other, both of which are associated with two htSNPs within a haplotype block as simulated above. For each process, nine joint QTL genotypes each generates a distinct dynamic curve as a function of time. Given the parameter values of each genotype for HIV-1 and CD4
+ curves, we simulate bivariate phenotypic values by assuming that residual errors follow a multivariate normal distribution with mean vector zero and covariance matrix specified by the AR(1).
Using the same sample size of 200 simulated, we estimated the curve parameters, residual variances, residual correlations, SNP-and QTL-allele fre-quencies, and SNP-QTL and QTL-QTL linkage disequilibria under Design 2 (two-marker/two-QTL) ( Table 2 ). The results from this design are generally consistent to those from Design 1 (two-marker/one-QTL), but displaying increased estimated precision as compared to the latter (Table 1) . Under Design 2, although there are more linkage disequilibria, all of these can be well estimated.
As under Design 1, the accuracy and precision of these parameter estimates from Design 2 increases when the heritability increases. Using the hypothesis tests described above, the effect of each QTL on a respective process can be tested. Because these two processes are allowed to be correlated with each other, a further test can see whether the two QTLs may be viewed as a single pleiotropic QTL or they should be separated. The null hypothesis of this test, based on hypothesis (13) is rejected, suggesting that the QTLs for HIV-1 and CD4
+ T cell dynamics should be regarded as being different but associated.
Epistasis
Theoretically, we can test whether overall epistasis is important for HIV-1 or CD4 + T cell dynamics based on joint tests of hypothesis (14)- (17). Further, our tests can be formulated to test for the importance of specific epistatic components, additive × additive (14), additive × dominant (15), dominant × additive (16) and dominant × dominant (17), to HIV-1 and CD4 + T cell dynamics. In the simulation data, overall epistatic effects between the two QTLs are detected to significantly affect the shape of HIV-1 and CD4 + T cell dynamics.
Discussion
Increasing attention has been paid to the use of vital mathematical and statistical models and methods for data analysis of longitudinal HIV/AIDS trials (reviewed in Wu 2005) . The advantage of such quantitative analyses lies in the precise description and prediction of HIV pathogenesis, through which to design an effective and efficient measure for controlling and preventing this disease. Ho and colleagues pioneered some groundbreaking work in mathematical modeling of HIV dynamics based on the mechanistic analysis of data collected from individual patients in well-designed studies (Ho et al. 1995; Perelson et al. 1996) . A number of original statistical models have been recently developed by H. Wu and others, in which they capture a general trend of
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The International Journal of Biostatistics, Vol. 5 [2009 ], Iss. 1, Art. 9 DOI: 10.2202 /1557 -4679.1136 HIV dynamics from a large size of heterogeneous samples with aids of various approaches such as linear, non-linear and semiparametric mixed-effect models and Bayesian methods (Wu and Ding 1999; Wu and Zhang 2002; Wu 2002; reviewed in Wu 2005) . One of the most important tendencies in HIV/AIDS studies is to integrate mathematical and statistical approaches into the genetic and developmental principles of HIV pathogenesis to draw a detailed picture of the network of genetic control of AIDS disease. The purpose of this article is to develop a robust statistical model for mapping and detecting specific genes or quantitative trait loci (QTLs) that affect the dynamic changes of HIV-1 loads and CD4
+ cell counts in a host's body in time course after the patient is treated with a drug. The basic idea of our model is grounded in a well-accepted recognition that HIV-1 dynamics is the consequence of developmental interactions between human cells and viral plasm (Mellors et al. 1997; Grossman et al. 2002) . The development of this model was stimulated by the completion of the Human Genome Project and Human HapMap Project (International HapMap Consortium 2003) whose fruitful outcome is the detection of abundant polymorphic loci that cover most of the human genome. The model has for the first time provided a general framework for merging clinical trials with human genetic data to extract genetic information that is useful for the understanding of pathogenetic mechanisms for AIDS progression.
Genetic studies of longitudinal traits have been pioneered by Wu and colleagues (Ma et al. 2002; Wu et al. 2004a,b,c; reviewed in Wu and Lin 2006) . The approaches proposed by these researchers for integrating the underlying developmental mechanisms for the phenotypic formation of a trait have emerged as an important statistical approach for QTL mapping of complex traits. Wang and Wu (2004) extended the functional mapping idea to map host QTL affecting HIV-1 dynamics for a random sample drawn from a natural population. Wang et al. (2005) modified the model to take into account the effects of interactions between the viral and host genome on HIV-1 dynamics. A systematic genome-wide search for multiple QTL and their epistatic interactions was developed by . However, all these previous models deal with only one dynamic process during a time course, with a significant limitation to elucidate a comprehensive picture of the genetic architecture of HIV pathogenesis.
By simultaneously incorporating the dynamic changes of HIV-1 loads and CD4
+ cells both as an indicator for AIDS progression, our joint model proposed in this article is equipped with statistical sophistication and genetic merits. Beyond a univariate model, a bi-or multivariate model needs skillful manipulation of the pattern of trait correlation on a time scale. A high-
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The International Journal of Biostatistics, Vol. 5 [2009 ], Iss. 1, Art. 9 DOI: 10.2202 /1557 -4679.1136 dimensional model possesses unique statistical properties that do not exist in a univariate case. In summary, our bivariate functional mapping model has four significant advantages. First, as compared to univariate functional mapping, bivariate functional mapping uses more relevant information, so that the power to detect QTL is increased. Previous mapping studies have considered joint mapping of multiple traits (Jiang and Zeng 1995; Knott and Haley 2000) , consistently demonstrating increased power based on simulation studies especially when the heritabilities of the trait under study are low. Second, compared to the previous studies, our work implements solid biological principles underlying the formation of traits; for example, bi-exponential functions that elegantly characterize the decay rates of viral load after initiation of HAART (Perelson et al. 1996; Perelson and Nelson 1999; Wu and Ding 1999) . This implementation, although computationally more complex, does not only make our estimation of time-dependent genetic effects of QTLs more precise due to a fewer number of unknown parameters involved, but also make the results from our mapping methods biologically more meaningful. Third, from a clinic perspective, our model allows for tests of a number of important hypotheses concerning the patterns of viral and CD4 + T cell dynamic changes over time and the theoretical time to eradicate HIV-1 infection. If mathematical models for HIV-1 and CD4 + T cell dynamic changes are proven to have a mechanistic biochemical basis, these hypotheses will have great potential to curb AIDS in a practical clinic trial. Fourth, our joint functional mapping model is genetically more interesting than traditional approaches because it provides a tool for investigating the genetic mechanisms of the correlation between two different processes. As shown by the simulations, the model can test the relative importance of pleiotropic effects vs. close association for the dynamic correlations.
In addressing all hypothesis tests (9), (11), (12), and (14)- (16), we proposed to use likelihood ratio (LR) tests. However, because of violation of some regularity assumptions in the mixture case, the distribution of these LR statistics under the null hypotheses is unclear. Empirical approaches based on permutation tests or simulation studies are used to determine the critical thresholds for each of these hypotheses (Churchill and Doerge 1994) . In practice, these approaches are computationally expensive, prohibiting fast determination of the thresholds. A statistical approach based on score tests has been shown to be extremely efficient in computation (Chang et al. 2009 ) and, thus, may be integrated with functional mapping for dynamic traits to remove computational burden. It is possible that the model can be further investigated in terms of its power for testing these hypotheses when such a score-statistic approach is derived. In this article, we incorporated an empirical polynomial for characterizing CD4 + T cell dynamics. But this model is quite general in that any proper parametric function can be used. If no explicit mathematical function exists, nonparametric or semiparametric models can be developed to capture the dynamic information of genetic control Wu et al. 2007 ). In structuring time-dependent covariance matrix for each process, the AR(1) model, implemented with the transform-both-sides idea (Carroll and Rupert 1984) to make residual variance more homoscedastic, is employed (Wu et al. 2004c ). An alternative to structuring the covariance matrix is to model it using particular mathematical functions. Parametric or nonparametric approaches for shrinking the covariance matrix toward a specific structure (Daniels and Pourahmadi 2002) can be attempted to maximize model flexibility and computational efficiency.
Our model was proposed for short-term longitudinal data analysis, which is insufficient given that more common observations of HIV/AIDS progression are long-term. But the idea of the proposed model can be similarly deployed for a long-term HIV/AIDS trial by parametrically or nonparametrically modelling different stages of HIV pathogenesis (see Wu and Zhang 2002) . Also, the incorporation of various events of progression to AIDS into the current longitudinal model (DeGruttola and Tu 1994) will be more useful for solving realistic problems related to disease control and prevention. From a genetic standpoint, our model was developed to detect a QTL using single nucleotide polymorphism (SNP) data, and it can be obviously used for QTL mapping with other types of markers such as multi-allelic microsatellites. But the structure and organization of a detected QTL by this type of marker may be inferred differently depending on the nature of markers used. A more efficient use of SNP data to map longitudinal HIV progression traits should be directly based on the haplotype structure of SNPs. Liu et al. (2004) were among the first to develop a general statistical model for the characterization of specific DNA variants that encode a complex phenotype in a natural population. Lin et al. (2005) then extended Liu et al.'s work to map DNA sequence variants for longitudinal traits. Our model proposed in this article, in a couple with Liu et al.'s idea, will be in an excellent position to attack one of the most difficult questions in biomedical research -unlocking the genetic machinery of AIDS.
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